Introduction {#Sec1}
============

In 1969, the idea of warped product manifolds was initiated by R.L. Bishop and B. O'Neil \[[@CR1]\] with manifolds of negative curvature. These manifolds are natural generalizations of Riemannian product manifolds. This is an extremely interesting and innovative research topic for geometers. Several papers are available in literature. Many significant physical applications of warped product manifolds have been found (for example \[[@CR2], [@CR3]\]). Geometers are attracted to work on warped product manifolds. On the other hand, B.-Y. Chen \[[@CR4]\] has introduced the notion of a CR-warped product submanifold in a Kaehler manifold and established a general inequality for a CR-warped product submanifold in the same ambient manifold. He also has discussed the classification of CR-warped products in complex Euclidean \[[@CR4]\], complex projective and complex hyperbolic spaces \[[@CR5]\] which satisfy the equality case of the derived inequality. Moreover, he has established many geometric inequalities for the second fundamental form for different warped product submanifolds of different ambient in terms of a warping function. Inspired by his work, many distinguished geometers have studied and obtained several sharp inequalities for warped product submanifolds in almost Hermitian manifolds and almost contact metric manifolds (see the monograph \[[@CR6]\] and the references therein).

Our work is outlined as follows: In Sect. [2](#Sec2){ref-type="sec"}, we review some basic concepts and address the study of bi-slant submanifolds of nearly trans-Sasakian manifolds. In Sect. [3](#Sec3){ref-type="sec"}, we prepare lemmas to use in proving the main result of this paper. In Sect. [4](#Sec4){ref-type="sec"}, we define an orthonormal frame for warped product bi-slant submanifolds of an arbitrary nearly trans-Sasakian manifold and then we establish a sharp inequality for the second fundamental form in terms of a warping function. The equality case is also discussed. Finally, in Sect. [5](#Sec5){ref-type="sec"}, we investigate the triviality of warped product bi-slant submanifolds in nearly trans-Sasakian manifolds and some non-trivial examples are also provided.

Nearly trans-Sasakian manifolds and their submanifolds {#Sec2}
======================================================
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Remark 1 {#FPar1}
--------
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Remark 2 {#FPar6}
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Warped product bi-slant submanifolds {#Sec3}
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Remark 3 {#FPar8}
--------
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Here we define the notion of warped product bi-slant submanifolds of a nearly trans-Sasakian manifold:

Definition 6 {#FPar9}
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Now, we recall the following general result for warped product manifolds:
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Remark 4 {#FPar15}
--------
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Some geometric applications and examples {#Sec5}
========================================

The Hamiltonian *H* in a local orthonormal frame at a point ℘ is defined by $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Vert \zeta \Vert ^{2} \geq& 4 b \csc^{2} \vartheta_{2} \biggl[\biggl(\cos^{2} \vartheta_{1} + \frac{1}{9} \cos^{2} \vartheta_{2}\biggr) \bigl(2 H( \nabla \ln h, \wp) - \mu^{2}\bigr) + \lambda^{2} \biggr], \end{aligned}$$ \end{document}$$ where we have used ([24](#Equ24){ref-type=""}). Similarly, we can easily find inequalities ([14](#Equ14){ref-type=""}), ([15](#Equ15){ref-type=""}), and ([16](#Equ16){ref-type=""}) in terms of the Hamiltonian of a warping function at a point ℘.

In the case of inequality, we prove the triviality of warped product bi-slant submanifolds, which is as follows.

Theorem 2 {#FPar16}
---------

*On a compact oriented warped product bi*-*slant submanifold* $\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----

Suppose that the inequality holds in Theorem [1](#FPar13){ref-type="sec"}(i), we obtain $$\documentclass[12pt]{minimal}
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We provide some non-trivial examples of nearly trans-Sasakian manifolds and their warped product bi-slant submanifolds.

Example 1 {#FPar18}
---------

Consider a 7-dimensional differentiable manifold $$\documentclass[12pt]{minimal}
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Let ∇̅ be the Levi--Civita connection with respect to *g*. Then we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}{} [\mathcal{E}_{i}, \mathcal{E}_{j}] = 0, \qquad [ \mathcal{E}_{i}, \xi] = [\mathcal{E}_{i}, \mathcal{E}_{7}] = \mathcal{E}_{i}, \quad \forall i, j = 1, \dots, 6, i \neq j. \end{aligned}$$ \end{document}$$ By using the Koszul formula for *g*, we calculate $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\overline{\nabla}_{\mathcal{E}_{i}}\mathcal{E}_{i} = \mathcal{E}_{7} = \xi, \qquad \overline{\nabla}_{\mathcal{E}_{i}} \mathcal{E}_{j} = \overline{\nabla}_{\mathcal{E}_{j}}\mathcal{E}_{i} = 0, \qquad \overline{\nabla}_{\mathcal{E}_{i}}\mathcal{E}_{7} = \overline{\nabla}_{\mathcal{E}_{i}}\xi = \mathcal{E}_{i}, \qquad \overline{\nabla}_{\mathcal{E}_{7}}\mathcal{E}_{i} = \overline{ \nabla}_{\xi}\mathcal{E}_{i} = 0 \\ &\quad \forall i, j = 1, \dots, 6, i \neq j. \end{aligned}$$ \end{document}$$ For any $\documentclass[12pt]{minimal}
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                \begin{document}$\mathcal{X}, \mathcal{Y} \in \Gamma(T\overline{\mathcal{M}})$\end{document}$, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\mathcal{X} = p_{1}\mathcal{E}_{1} + p_{2} \mathcal{E}_{2} + p_{3}\mathcal{E}_{3} + p_{4}\mathcal{E}_{4} + p_{5} \mathcal{E}_{5} + p_{6}\mathcal{E}_{6} + p_{7}\xi, \\ &\mathcal{Y} = q_{1}\mathcal{E}_{1} + q_{2} \mathcal{E}_{2} + q_{3}\mathcal{E}_{3} + q_{4}\mathcal{E}_{4} + q_{5} \mathcal{E}_{5} + q_{6}\mathcal{E}_{6} + q_{7}\xi, \\ &\varphi \mathcal{X} = p_{1}\mathcal{E}_{2} - p_{2}\mathcal{E}_{1} + p_{3}\mathcal{E}_{4} - p_{4}\mathcal{E}_{3} + p_{5} \mathcal{E}_{6} - p_{6}\mathcal{E}_{5}, \\ &\varphi \mathcal{Y} = q_{1}\mathcal{E}_{2} - q_{2}\mathcal{E}_{1} + q_{3}\mathcal{E}_{4} - q_{4}\mathcal{E}_{3} + q_{5} \mathcal{E}_{6} - q_{6}\mathcal{E}_{5}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} (\overline{\nabla}_{\mathcal{X}} \varphi)\mathcal{Y} + ( \overline{\nabla}_{\mathcal{Y}} \varphi)\mathcal{X} ={}& \overline{ \nabla}_{\mathcal{X}} \varphi \mathcal{Y} - \varphi \overline{ \nabla}_{\mathcal{X}} \mathcal{Y} + \overline{\nabla}_{\mathcal{Y}} \varphi \mathcal{X} - \varphi \overline{\nabla}_{\mathcal{Y}} \mathcal{X} \\ ={}& (- p_{1}q_{2} + p_{2}q_{1} - p_{3}q_{4} + p_{4}q_{3} - p_{5}q_{6} + p_{6} q_{5}) \xi \\ &{} - q_{7} (p_{1}\mathcal{E}_{2} - p_{2}\mathcal{E}_{1} + p_{3}\mathcal{E}_{4} - p_{4}\mathcal{E}_{3} + p_{5} \mathcal{E}_{6} - p_{6}\mathcal{E}_{5}) \\ &{}- (- p_{1}q_{2} + p_{2}q_{1} - p_{3}q_{4} + p_{4}q_{3} - p_{5}q_{6} + p_{6} q_{5}) \xi \\ &{}- p_{7}(q_{1}\mathcal{E}_{2} - q_{2}\mathcal{E}_{1} + q_{3}\mathcal{E}_{4} - q_{4}\mathcal{E}_{3} + q_{5} \mathcal{E}_{6} - q_{6}\mathcal{E}_{5}) \\ ={}& {-} q_{7} (p_{1}\mathcal{E}_{2} - p_{2}\mathcal{E}_{1} + p_{3}\mathcal{E}_{4} - p_{4}\mathcal{E}_{3} + p_{5} \mathcal{E}_{6} - p_{6}\mathcal{E}_{5}) \\ &{} - p_{7}(q_{1}\mathcal{E}_{2} - q_{2}\mathcal{E}_{1} + q_{3}\mathcal{E}_{4} - q_{4}\mathcal{E}_{3} + q_{5} \mathcal{E}_{6} - q_{6}\mathcal{E}_{5}) \\ ={}& {-}\bigl(\upsilon(\mathcal{Y})\varphi \mathcal{X} + \upsilon(\mathcal{X}) \varphi \mathcal{Y}\bigr) \end{aligned}$$ \end{document}$$ for any $\documentclass[12pt]{minimal}
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Example 2 {#FPar19}
---------

The best example of a nearly cosymplectic manifold defined on a non-Euclidean space is $\documentclass[12pt]{minimal}
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Example 3 {#FPar20}
---------
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                \begin{document} $$\begin{aligned} \varphi\biggl(\frac{\partial}{\partial x_{i}}\biggr) = \frac{\partial}{\partial y_{i}}, \qquad \varphi\biggl(\frac{\partial}{\partial y_{j}}\biggr) = - \frac{\partial}{\partial x_{j}}, \qquad \varphi\biggl(\frac{\partial}{\partial z}\biggr) = 0, \quad i,j = 1, \dots, 4. \end{aligned}$$ \end{document}$$ We can easily prove that $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{9}$\end{document}$. Also, it can be verified that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{9}$\end{document}$ is a nearly trans-Sasakian manifold of type $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document} $$\begin{aligned} \mathfrak{f}(u, v, w, p, q) = (u, v \sin \alpha_{1}, 0, v \cos \alpha_{1}, w, p \sin \alpha_{2}, 0, p \cos \alpha_{2}, q) \end{aligned}$$ \end{document}$$ for any constants $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} &\mathcal{E}_{1} = \frac{\partial}{\partial x_{1}}, \qquad \mathcal{E}_{2} = \sin \alpha_{1} \frac{\partial}{\partial y_{1}} + \cos \alpha_{1} \frac{\partial}{\partial y_{2}}, \qquad \mathcal{E}_{3} = \frac{\partial}{\partial x_{3}}, \\ &\mathcal{E}_{4} = \sin \alpha_{2}\frac{\partial}{\partial y_{3}} + \cos \alpha_{2} \frac{\partial}{\partial y_{4}}, \qquad \mathcal{E}_{5} = \frac{\partial}{\partial q}. \end{aligned}$$ \end{document}$$ Furthermore, we have $$\documentclass[12pt]{minimal}
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